We present the derivation of Hawking radiation by using the tunneling mechanism in a rotating and charged black hole background. We show that the 4-dimensional KerrNewman metric, which has a spherically nonsymmetric geometry, becomes an effectively 2-dimensional spherically symmetric metric by using the technique of the dimensional reduction near the horizon. We can thus readily apply the tunneling mechanism to the nonspherical Kerr and Kerr-Newman metric.
Introduction
Hawking radiation is one of the most interesting effects which arise from the combination of quantum mechanics and general relativity. Hawking's original derivation, which calculates the Bogoliubov coefficients between the in-and out-states for a body collapsing to form a black hole, is very direct and physical [1] . It is well-known that the characteristic spectrum obtained from the original derivation agrees with the blackbody spectrum with the Hawking temperature, if we ignore the backscattering of particles falling into the horizon.
After Hawking's original derivation, several derivations of Hawking radiation have been suggested [2] [3] [4] [5] [6] [7] [8] . In particular, the derivation by the tunneling mechanism provides one of intuitive derivations [6, . The essential idea of the tunneling mechanism is that a particle-antiparticle pair is formed close to the horizon. The ingoing mode is trapped inside the horizon while the outgoing mode can quantum mechanically tunnel through the horizon and it is observed at infinity as the Hawking flux. As described above, this derivation is intuitively understandable. However, in the literature [6, , the analysis is confined to the derivation of the Hawking temperature only by comparing the tunneling probability of an outgoing particle with the Boltzmann factor. There exists no discussion of the spectrum. Therefore, there remains the possibility that the black hole is not the black but merely the thermal body. This problem was pointed out by Banerjee 
Dimensional Reduction near the Horizon
In this section, we show that the 4-dimensional Kerr-Newman metric becomes a 2-dimensional spherically symmetric metric by using technique of the dimensional reduction near the horizon [41] .
For a rotating and charged black hole, the metric is given by the Kerr-Newman metric
where notations are respectively defined by
2)
3)
Also, M , J, Q and r +(−) are respectively a mass, an angular momentum, an electrical charge and the outer (inner) horizon of the Kerr-Newman black hole
It follows from the expression (2.1) that the Kerr-Newman metric is spherically nonsymmetric geometry. For simplicity, we consider the 4-dimensional action for a complex scalar field 6) where the first term is the kinetic term and the second term S int represents the mass, potential and interaction terms. The gauge field V µ associated with the Coulomb potential of the black hole, is given by
By substituting both (2.1) and (2.7) to (2.6), we obtain
where we usedL
By performing the partial wave decomposition of φ in terms of the spherical harmonics
we obtain
where we used eigenvalue equations forL 2 andL ẑ
Here l is the azimuthal quantum number and m is the magnetic quantum number. Now, we transform the radial coordinate r into the tortoise coordinate r * defined by
After this transformation, the action (2.12) is written by
Here we consider this action in the region near the horizon. Since F (r + ) = 0 at r → r + , we only retain dominant terms in (2.16). We thus obtain
where we ignored S int by using F (r + ) = 0 at r → r + . Because the theory becomes the high-energy theory near the horizon and the kinetic term dominates, we can ignore all the terms in S int . After this analysis, we return to the expression written in terms of r, and we obtain
where we used the orthonormal condition for the spherical harmonics
From (2.18), we find that φ lm can be considered as a (1+1)-dimensional complex scalar field in the backgrounds of the dilaton Φ, metric g µν and two U (1) gauge fields
20)
, g rt = 0, (2.21)
There are two U (1) gauge fields: One is the original gauge field as in (2.7) while the other is the induced gauge field associated with the isometry along the ϕ direction. The induced U (1) charge of the 2-dimensional field φ lm is given by m. Then the gauge potential A t is a sum of these two fields,
From (2.21), we find that the 4-dimensional spherically non-symmetric Kerr-Newman metric (2.1) behaves as a 2-dimensional spherically symmetric metric in the region near the horizon
For confirmation, we show how to derive the surface gravity on the horizon of the Kerr-Newman black hole from F (r) defined by (2.15) . Actually by calculating the surface gravity, we can obtain
where { ′ } represents differentiation with respect to r. This result agrees with the wellknown surface gravity on the horizon of the Kerr-Newman black hole.
Tunneling Mechanism
In this section, we discuss the connection between states inside and outside the black hole to analyze the tunneling effect in the induced metric. We consider the Klein-Gordon equation near the horizon. In previous section, we showed that we can regard the 4-dimensional Kerr metric as the 2-dimensional spherically symmetric metric in the region near the horizon. As already stated, since the kinetic term dominates in the high-energy theory near the horizon, we can ignore the mass, potential and interaction terms. We obtain the Klein-Gordon equation with the gauge field from the action (2.18)
where A t is defined in (2.24). Of course, this equation can be obtained from the general Klein-Gordon equation for a free particle with the gauge field in 2-dimensional space-time
in a manner similar to [36] . Taking the standard WKB ansatz
and substituting the expansion of S(r, t)
in (3.1), we obtain, in the semiclassical limit (i.e. → 0),
We find that terms including the gauge field vanished in the semiclassical limit. This equation completely agrees with the equation in [36] although the content of F (r) is different from that used in [36] . From the Hamilton-Jacobi equation [6] and (3.5), we can solve
where r * is the tortoise coordinate defined by (2.15), ω is the characteristic frequency, Φ is the electric potential, and Ω is the angular frequency on the horizon written as
Thus we obtain the semiclassical solution for the scalar field
If one considers the metric at all regions for the charged and rotating black hole, the exterior metric of the horizon is given by the 4-dimensional Kerr-Newman metric (2.1). However, we showed that the metric near the horizon can be regarded as the 2-dimensional spherically symmetric metric as in (2.25) . We thus use the metric (2.25) in the region near the horizon. But we do not know the interior metric of the black hole. However, if the interior metric is smoothly connected to the exterior metric through the horizon, we may be able to identify the interior metric near the horizon to be the same as the exterior metric near the horizon. We thus suppose that the interior metric near the horizon is given by (2.25) . Furthermore, since the tunneling effect is the quantum effect arising within the Plank length in the near horizon region, we have to consider both the inside and outside regions which are very close to the horizon.
Here we use both the retarded time u and the advanced time v defined by
We can then separate the scalar field (3.8) into the ingoing (left handed) modes and outgoing (right handed) modes. In the regions r + − ε < r < r + , and r + ≤ r < r + − ε, respectively, we express the field φ as
where ε is an arbitrarily small constant, "R (L)" stand for the right (left) modes and "in (out)" stand for the inside (outside) of the black hole (Fig.1) . By performing an appropriate coordinate transformation (see appendix A), we can obtain the Kruskal-like coordinate variables [50, 51] 
12)
where r * is defined by (2.15) and is explicitly given by 14) and K +(−) is the surface gravity on the outer (inner) horizon. Both of the relations (3.12) and (3.13) agree with the relations in [36] . In general, the Schwarzschild and Kerr-Newman metrics describe the behavior outside the black hole. Consequently, the readers may wonder if these metrics defined by the Kruskal coordinates can really describe the behavior inside the black hole. In our case, however, we study the tunneling effect across the horizon and thus we study the behavior in the very small regions near the horizon. In such analysis, due to the reasons of continuity, it may not be unnatural to assume that the Kruskal coordinates (3.12) can be used in both of outside and inside regions of near the horizon.
A set of coordinates (3.12) are connected with the other coordinates (3.13) by the relations, 15) so that, with this mapping, T in → T out and X in → X out . Following the definition (3.9), we obtain the relations connecting the null coordinates defined inside and outside the horizon,
Under these transformations the inside and outside modes are connected by,
As already discussed by Banerjee and Majhi in [36] , the essential idea of the tunneling mechanism is that a particle-antiparticle pair is formed close to the horizon. This pair creation may arise inside the black hole ( in the region close to the horizon ), since the space-time is locally flat. The ingoing mode is trapped inside the horizon while the outgoing mode can quantum mechanically tunnel through the horizon. It is then observed at infinity as the Hawking flux. We find that the effect of the ingoing mode inside the horizon do not appear outside the horizon as in (3.19) since v in changes to v out without an extra term under the transformation connecting the null coordinates defined inside and outside the horizon as in (3.17) . On the other hand, we find that the effect of the outgoing mode inside the horizon appear with a non-negligible probability by tunneling through the horizon quantum mechanically as in (3.18) . This consideration agrees with the concept of tunneling mechanism. Furthermore, we showed that we can treat the Kerr-Newman metric as a 2-dimensional spherically symmetric metric with a 2-dimensional effective gauge field just as in the case of a simplest Schwarzschild metric in tunneling mechanism.
Black body spectrum and Hawking flux
In this section, we show how to derive the Hawking black body spectrum for a KerrNewman black hole by following the approach of Banerjee and Majhi's [36] . First, we consider n number of non-interacting virtual pairs that are created inside the black hole. Then the physical state of the system is conventionally written as
where |n
is the number state of left (right) going modes inside the black hole and N is a normalization constant. From the transformations of both (3.18) and (3.19), we obtain
Here N can be determined by using the normalization condition Ψ|Ψ = 1. It is natural to determine the normalization constant N for the state outside the black hole, because the observer exists outside the black hole. Thus we obtain
For bosons (n = 0, 1, 2, · · · ), N (boson) is calculated as
By substituting (4.4) into (4.2), we obtain the normalized physical states of a system of bosons
The density matrix operator of the system is given bŷ
By tracing out the left going modes, we obtain the reduced density matrix for the right going modes,ρ
Then, the expectation value of the number operatorn is given by where in the last line we used the definition (3.6) and we identify the Hawking temperature
This result corresponds to the black body spectrum with the Hawking temperature and agrees with previous works in the Kerr-Newman black hole background [1] . Moreover, the Hawking flux F H can be derived by integrating the sum of the distribution function for a particle with a quantum number (e, m) and its antiparticle with (−e, −m) over all ω's
where we ignored the superradiance. However, as is well-known, boson fields display the superradiance provided that they have frequency in a certain range whereas fermion fields do not [52] [53] [54] . In the fermionic case also, one can derive the Hawking flux following the above derivation. It is then shown that the result agrees with the previous result [41] . Before closing, we discuss the black hole entropy. Since a particle emitted by the black hole has the Hawking temperature, it is natural to consider that the black hole itself has the same temperature. Thus we can obtain the black hole entropy dS BH from a thermodynamic consideration
By integrating Eq. (4.16), the entropy agrees with the Bekenstein-Hawking entropy
where A BH is the surface area of the black hole
We here mention that this entropy (4.17) is not derived by counting the number of quantum states associated with the black hole since the black hole is characterized solely by the classical solution of the metric in our analysis.
Conclusion and Discussion
We have shown how to derive the blackbody spectrum of the Hawking radiation and its flux for the Kerr-Newman black hole by combining the Banerjee and Majhi's tunneling approach with the technique of dimensional reduction. In comparison with previous works, our derivation has several advantages. First, Hawking's original derivation assumes that the self interaction of the matter field can be ignored [1] . Also, the similar limitation appears in the recent derivations of Hawking radiation from anomalies [48, 49] . For example, the derivation of Hawking radiation presented by Banerjee and Kulkarni, which simplified and clarified the original derivation from anomalies using step functions [8] by making explicit a connection between the region near the horizon and the region away from the horizon, still assumes that the 4-dimensional theory away from the horizon can be treated as an effective 2-dimensional conformal field theory. They also used physically valid boundary conditions such as the Unruh vacuum. However, they cannot include a mass term and interaction terms away from the horizon because it is difficult to construct the conformal field theory with a mass or interactions in 4-dimensions. By contrast, we can consider the 4-dimensional theory including a mass term and interaction terms away from the horizon as in (2.6). Secondly, we can derive not only the Hawking temperature but also the Hawking black body spectrum. This means that the black hole behaves not merely as the thermal body but as the black body. This observation agrees with Hawking's original derivation.
Finally we comment on the black hole entropy. We defined quantum states as in (4.1) and obtained the reduced density matrix as in (4.9). We can evaluate the entropy for these states by using the von Neumann entropy formula. However, we must mention that it is not the entropy of the black hole itself but rather the entropy of the boson field. Our method does not allow us to derive the entropy for a black hole with a finite temperature by counting the number of quantum states associated with the black hole. Therefore, we derived the black hole entropy from thermodynamic considerations as in (4.16) following previous works. The derivation of the black hole entropy by counting the number of black hole quantum states remains as one of future problems.
A Kruskal-like coordinate
In this appendix, we show how to obtain the Kruskal-like coordinates (3.12) and (3.13) from the (t − r)-coordinates which appears in the 2-dimensional spherically-symmetric metric (2.25) by performing several coordinate transformations. As a preliminary analysis, we would like to summarize the Schwarzschild metric and Kruskal-Szekeres coordinates briefly [50, 51] . The well-known Schwarzschild metric is given by
It follows from the expression (A.1) that there are two singularities r = 0 and r = 2M in the Schwarzschild metric. A singularity at r = 0 is the curvature singularity which cannot be removed while the other at r = 2M is a fictitious singularity arising merely from an improper choice of coordinates. Therefore the singularity at r = 2M can be removed by using appropriate coordinates. Kruskal and Szekeres use a dimensionless time coordinate T and a dimensionless radial coordinate R related to the Schwarzschild t and r by
when r > 2M, (A.2)
By making this change of coordinates in the Schwarzschild metric (A.1), we obtain
It follows from the expression (A.4) that there is only the curvature singularity at r = 0, i.e., the singularity at r = 2M does not appear. The coordinates defined as in (A.2) and (A.3), are called Kruskal coordinates. Similarly, we can also perform related discussions for the spherically-symmetric metric such as the Reissner-Nordström metric, and the defined coordinates are then called "the Kruskal-like coordinates" in common parlance.
In the body of the paper, we showed that the 4-dimensional Kerr-Newman metric becomes the 2-dimensional spherically-symmetric metric (2.25) by using a technique of the dimensional reduction near the horizon. In what follows, we derive the Kruskal-like coordinates for this reduced metric following the derivation of the Kruskal coordinates in a standard textbook. In this derivation, we apply a series of coordinate transformations. Note that all the variables which appear in our transformations are defined to be real numbers.
Now the metric is given by
where F (r) is 6) and r +(−) is the outer (inner) horizon given by (2.5).
As a first step of coordinate transformations, we use the tortoise coordinate defined by [55] 
The metric (A.5) is then written by
By integrating (A.7) over r from 0 to r, we obtain
where K +(−) is the surface gravity on the outer (inner) horizon and C is generally a pure imaginary integral constant which appears in the analytic continuation. However, as already stated, we would like to treat the case where all the variables (or parameters) are defined in the range of real numbers. Thus we need to consider the three cases r > r + , r + < r < r − and r − < r < 0 with respect to the range of r. Actually, we have only to consider the two cases r > r + and r + < r < r − because of the consideration near the outer horizon. When r > r + , the relation (A.9) becomes
As the second step we use the retarded time u and the advanced time v defined by
The metric (A.8) is then written as
As the third step we use the following coordinate transformations U and V defined by (A.14)
As the final step we use the following coordinate transformations T , R defined by 
